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HYPERGROUPS AND QUANTUM BESSEL PROCESSES OF
NON-INTEGER DIMENSIONS
WOJCIECH MATYSIAK
Abstract. It is demonstrated how to use certain family of commutative hy-
pergroups to provide a universal construction of Biane’s quantum Bessel pro-
cesses of all dimensions not smaller than 1. The classical Bessel processes
BES(δ) are analogously constructed with the aid of the Bessel-Kingman hy-
pergroups for all, not necessarily integer, dimensions δ ≥ 1.
1. Introduction
A Bessel process with index µ is a real-valued diffusion with infinitesimal gener-
ator
1
2
d2
dx2
+
2µ+ 1
2x
d
dx
.
The dimension of the Bessel process with index µ is δ = 2(µ + 1) and a common
notation for the Bessel process with the dimension δ is BES(δ). It is well known
that the notion of the Bessel process makes sense for any real number δ and that
the Bessel processes of integer dimension δ ≥ 2 are the radial parts of a Brownian
motion in dimension δ, that is they can be defined by taking the Euclidean distance
from the origin of the δ-dimensional Brownian motion. It also is well known that
the Bessel processes of negative indices µ differ in a number of ways from the Bessel
processes which have µ ≥ 0.
Philippe Biane [1] introduced a curious analogue of the Bessel process, which he
called the quantum Bessel process, as an appropriately understood radial part of a
noncommutative Brownian motion. Despite the name and the origin, the quantum
Bessel process is a classical Markov process living in a subset of the real plane. (Its
transition probabilities are listed in Section 2, see (2.6)-(2.10).)
Biane’s construction is based on a Gelfand pair associated with the Heisenberg
group H , realized as H = Cd×R. Unsurprisingly, the integer parameter d appears
in the formulas for the transition probabilities of the quantum Bessel process. It
turns out, however, that these formulas themselves make perfect sense and define a
Markov process for d from a larger set (in particular, for some non-integer d). Thus
the situation resembles the one with the usual Bessel process: taking the radial
part of the Brownian motion results in the processes with the parameters, which
do not cover the whole set of admissible parameters. (In contrast with the classical
case, there is no natural notion of dimension associated with the noncommutative
Brownian motion appearing in the construction of the quantum Bessel process.)
The purpose of this note is to present a way to extend Biane’s construction onto
a larger range of the parameter d. We emphasize that our point is not to check
whether the extended process is correctly defined (which boils down to an easy
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computation) but to provide a uniform construction, similar in spirit to Biane’s, in
which the quantum Bessel processes with d ∈ N arise as special cases.
The key idea of the extension is to replace the Heisenberg group with a hy-
pergroup. A hypergroup is a locally compact space with a convolution product
mapping each pair of points to a probability measure with compact support. The
space is required to admit an involution that acts like the inverse operation in a
group. The vehicle for our extension will be a concrete family of hypergroups, called
the Laguerre hypergroups, which generalizes in a way the Gelfand pair associated
with the Heisenberg group Biane’s construction is based on.
In addition to the analysis of the quantum Bessel process, we offer an analogous
viewpoint on the classical Bessel process. Namely, we first present a construction
of the d-dimensional BES(d) Bessel process with d ∈ N, based on a Gelfand pair
associated with the additive group Rd and the special orthogonal group SO(Rd).
We do not claim novelty for this construction; as in the quantum Bessel process
case, what seems to be new is an extension of the construction which covers the
cases with non-integer dimensions d, the vehicle for which is the Bessel-Kingman
hypergroup.
The rest of this note is structured as follows. Section 2 contains a concise sum-
mary of Biane’s construction of the quantum Bessel process; in Section 3 we recall
an analogous construction of the usual Bessel process (of integer dimension). In
Section 4 we provide basic definitions and terminology as well as some fundamen-
tal facts on commutative hypergroups and their harmonic analysis. The Bessel-
Kingman hypergroups are presented in Section 5, along with their application to
an extension of the construction from Section 3 onto non-integer dimensions. The
extension of the quantum Bessel process is carried out in Section 7, after introduc-
ing the Laguerre hypergroups in Section 6. We conclude with Section 8, where we
collect several miscellaneous remarks.
1.1. Notation. For a locally compact Hausdorff space X , let Mb(X) denote the
Banach space of bounded regular (complex) Borel measures with the total variation
norm andM1(X) ⊂Mb(X) the set of all probability measures. The set of bounded
continuous functions on X is Cb(X). Point masses will be denoted by δx. Lastly,
Z+ = N ∪ {0} = {0, 1, 2, . . .}.
2. Biane’s quantum Bessel process
In this section we briefly describe Biane’s construction [1] of the quantum Bessel
process.
Consider the (2d + 1)-dimensional Heisenberg group realized as the set H =
Cd×R with the group law (z, w)(z′, w′) = (z+ z′, w+w′+Im 〈z′|z〉), in which the
inner product 〈·|·〉 comes from Cd and (z, w), (z′, w′) belong to H . It was observed
in [1] that exp(tψ) is positive definite on H for t > 0 when ψ : H → C is defined as
ψ(z, w) = −iw − |z|
2
2
,
so Qt : L
1(H)→ L1(H) given for all positive t as Qtf(z, w) = exp[tψ(z, w)]f(z, w),
determines uniquely a semigroup of (completely) positive contractions on the group
C∗-algebra C∗(H) of H (see [1, 1.2.1 Proposition]). Though C∗(H) is noncom-
mutative (as H is nonabelian), and (Qt)t might be viewed as the semigroup of
noncommutative Brownian motion on the dual of H (see [1]), (Qt)t gives rise to a
classical Markov semigroup in the following way. The unitary group U(d) acts on
the Heisenberg group H by automorphisms
(2.1) u.(z, w) = (uz, w), u ∈ U(d), (z, w) ∈ H.
3It is known that the convolution algebra L1rad(H), consisting of the functions from
L1(H) which are “radial”, that is invariant under action (2.1), is commutative.
This can equivalently be stated: (U(d)⋉H,U(d)) is a Gelfand pair. For a friendly
introduction to Gelfand pairs and other notions appearing in this note in context
of Gelfand pairs, the reader is directed to look at [15].
Completing L1rad(H) to the (commutative) C
∗-algebra C∗rad(H) of radial elements
of C∗(H), one can use the Gelfand-Naimark theorem to observe that the restriction
of (Qt)t to C
∗
rad(H) generates a Markov semigroup on the spectrum of C
∗
rad(H). The
Gelfand spectrum of C∗rad(H) can be identified with the set of spherical functions of
the Gelfand pair (U(d)⋉H,U(d)), which are either of the form ϕ
(d)
τ,m = ϕ
(d)
τ,m(z, w)
with τ 6= 0 and m ∈ Z+, where
(2.2) ϕ(d)τ,m(z, w) =
m!Γ(d)
Γ(m+ d)
exp
[
iτw − 1
2
|τ ||z|2
]
L(d−1)m
(|τ ||z|2) ,
or of the form ϕ
(d)
0,µ = ϕ
(d)
0,µ(z, w) with µ > 0, where
(2.3) ϕ
(d)
0,µ(z, w) = jd−1(µ|z|).
Here and further on, L
(a)
k (x) = [(a + 1)k/k!]1F1(−k; a + 1;x) is the Laguerre
polynomial, jν denotes the normalized spherical Bessel function jν(z) = Γ(ν +
1)(z/2)−νJν(z), and Jν denotes the usual Bessel function of the first kind.
Moreover, the Gelfand spectrum of C∗rad(H) can also be homeomorphically em-
bedded in R2, thus producing a classical Markov process, the quantum Bessel pro-
cess, on a subset R2.
As it was argued in [1] (without a proof), the semigroup of the quantum Bessel
process can be identified as the unique semigroup (qt)t satisfying
(2.4) exp [tψ(g)]φ(g−1) =
∫
φ′(g−1)qt(φ, dφ
′)
for all t > 0 and g = (z, w) ∈ H and φ in the set of all positive definite spher-
ical functions for (U(d) ⋉ H,U(d)) (the integral is over this set too); clearly, the
identification of (qt)t via (2.4) requires providing a homeomorphism between the
set of spherical functions and a subset of R2. To maintain coherence with our re-
sults from Section 7, which rely on Rentzsch’s parametrization of the dual of the
Laguerre semigroup (see Section 6), we will present a slightly modified version of
Biane’s process introduced in [1]. The only difference between Biane’s process from
[1] and the presented version is that the latter was computed using the set
(2.5)
{
(0, µ2) ∈ R2 : µ ≥ 0} ∪ ⋃
k∈Z+
{(τ, k|τ |) : τ ∈ R \ {0}} ,
and the mapping (τ, k) 7→ ϕ(d)τ,k for τ 6= 0, (0, µ2) 7→ ϕ(d)0,2µ for µ ≥ 0 (the fact
that this is a homeomorphism between (2.5) and the set of spherical functions of
(U(d) ⋉H,U(d)) follows directly from [12, Lemma 6.1] - see the end of Section 6
of this note), instead of the subset of R2 and the homeomorphism chosen by Biane
(cf. [1, Section 2.4]). The difference on semigroups level is hardly significant and
boils down to a shift in a parameter.
The dynamics of the slightly modified quantum Bessel process is described by the
following transition semigroup (qt)t>0 on the set (2.5) (cf. [1, 3.3.1 Proposition]):
(1) If x = (s, k|s|), s < 0, and u = s+ t < 0, then
(2.6) qt(x, dy) =
∞∑
l=k
Γ(d+ l)
Γ(d+ k)(l − k)!
(u
s
)d+k (
1− u
s
)l−k
δ(u,−lu)(dy).
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(2) If x = (s, k|s|) with s < 0 and t = −s, then
(2.7) qt(x, dy) =
1
Γ(d+ k)
exp
(
−y1
t
)(y1
t
)d+k−1 1
t
(δ0 ⊗ Leb) (dy)
for y = (y0, y1) from the set (2.5) (Leb denotes the one-dimensional Lebes-
gue measure).
(3) If x = (s, k|s|), s < 0, and u = s+ t > 0, then
(2.8) qt(x, dy) =
∞∑
l=0
Γ(d+ k + l)
Γ(d+ k)l!
(u
t
)d+k (
−s
t
)l
δ(u,lu)(dy).
(4) If x = (0, y1) with y1 ≥ 0, then
(2.9) qt(x, dy) =
∞∑
l=0
1
l!
(y1
t
)l
exp
(
−y1
t
)
δ(t,lt)(dy).
(5) If x = (s, k|s|) with s > 0, and u = s+ t, then
(2.10) qt(x, dy) =
k∑
l=0
(
k
l
)( s
u
)l (
1− s
u
)k−l
δ(u,lu)(dy).
It is not difficult to observe that equations (2.6)-(2.10) define the semigroup of
a Markov process when d ∈ (0,∞); we will denote the Markov process with the
semigroup (qt)t given by these equations, and living on (2.5), by QBES(d), and we
will call it the quantum Bessel process of dimension d.
Remark 2.1. The quantum Bessel process can alternatively be constructed from a
birth and death process (the Yule process), with no reference to the noncommuta-
tive Brownian motion, Heisenberg group or Gelfand pairs.
Remark 2.2. Since the first coordinate of the quantum Bessel process always follows
a uniform motion to the right, it makes sense to denote the whole process as (t,Xt)t.
It can be shown in a way similar to Theorem 4.1 in [10] that the second coordinate
(Xt)t after a slight rescaling becomes a particular case of quadratic harness (for the
definition, see [4]), called classical bi-Poisson process, which was first introduced in
[6] and presented as a member of a larger class of bi-Poisson processes in [5].
3. A special view on Bessel processes
The name “quantum Bessel process”, coined by Biane, is easily justifiable as
the process described by (2.6)-(2.10) comes from the non-commutative (quantum)
Brownian motion and it shares the radiality property with the ordinary Bessel
process. To deepen the analogy between both kinds of Bessel processes, let us
consider the following construction of the classical Bessel process (its detailed sketch
can be found for example in [2], but it generally is based on some well-known
motives).
Let G denote the abelian additive group Rd and | · | the Euclidean norm on Rd.
If ψ : G→ [0,∞), ψ(x) = −|x|2/2 then it is well known that G ∋ x 7→ exp[tψ(x)] is
positive definite for all t > 0, so it is easy to deduce that Qtf = exp(tψ)f defines a
semigroup of positive contractions on the group algebra L1(G) of G. The semigroup
can be extended in a natural way to the semigroup of positive contractions on the
group C∗-algebra C∗(G). The dual group Ĝ is isomorphic to Rd. This, along with
commutativity of C∗(G) (which follows from the fact that G is abelian) and the
Gelfand-Naimark theorem, implies that (Qt)t is the convolution semigroup that
convolves functions with the measures with the Fourier transforms exp(−t|x|2/2).
In other words, (Qt)t is the semigroup of Brownian motion on R
d.
5A well-known fact is that (SO(Rd)⋉Rd, SO(Rd)) is a Gelfand pair; equivalently
the convolution subalgebra L1rad(R
d) of SO(Rd)-invariant (radial) functions from
L1(Rd) is commutative. Another well-known fact is that the spherical functions of
positive type for this Gelfand pair are given by
(3.1) η(d)u (x) = jd/2−1(u|x|), u > 0
for x ∈ Rd; hence the Gelfand spectrum of (SO(Rd)⋉Rd, SO(Rd)) is isomorphic to
(0,∞). (Observe that η(1)u (x) = cos(ux) because J−1/2(z) =
√
2/(piz) cos z).
In order to find the restriction (pt)t of the semigroup (Qt)t to C
∗
rad(R
d) one
can invoke the arguments based on (2.4), from which it follows that (pt)t can be
identified as the unique semigroup (pt)t satisfying
(3.2) exp[−t|x|2/2]η(d)u (−x) =
∫ ∞
0
η(d)v (−x)pt(u, dv)
for all u > 0 and x ∈ Rd. The identification relies on the formula
(3.3)∫ ∞
0
e−αv
2
jν(iβv)jν(γv)
v2ν+1
2νΓ(ν + 1)
dv =
1
(2α)ν+1
exp
(
β2 − γ2
4α
)
jν
(
βγ
2α
)
,
valid when Re ν > −1 and Reα > 0 (see [18, p. 395]). With ν = d/2−1, α = (2t)−1,
γ = |x| and β = u/t we easily recover the semigroup
(3.4) pt(x, dy) =
2yd−1
(2t)d/2Γ(d/2)
jd/2−1
(
ixy
t
)
exp
(
−x
2 + y2
2t
)
1(0,∞)(y)dy
of the classical Bessel process BES(d) of dimension d.
It is a standard fact that (3.4) still properly defines a Markovian semigroup if
d is no longer integer-valued but takes on arbitrary positive values. Moreover, the
condition d > 0 is equivalent with the assumption on ν under which (3.3) holds
true. Nevertheless, in spite of the fact that (3.2) by means of (3.3) immediately
gives (3.4) for any d > 0, one cannot extend directly the above construction of the
Bessel process onto arbitrary positive dimensions, as the construction relies on the
Euclidean motion group SO(Rd)⋉Rd, which unavoidably requires d to be a positive
integer.
One of the aims of this note is to demonstrate that an extension of the above
construction for all d ≥ 1 is possible if one replaces the Euclidean motion group
with a certain family of hypergroups.
4. Some elements of harmonic analysis on commutative hypergroups
A hypergroup (X, ∗) is a locally compact Hausdorff space X together with a
bilinear and associative multiplication ∗ (called convolution) on Mb(X) such that:
(1) the mapping (µ, ν) 7→ µ ∗ ν is weak-∗ continuous;
(2) for all x, y ∈ X , the convolution δx∗δy is a compactly supported probability
measure on X ;
(3) the map (x, y) 7→ supp(δx ∗ δy) from X ×X into the space of all nonempty
compact subsets of X is continuous with respect to the Michael topology
(for a definition, consult [3]);
(4) there exists a neutral element e ∈ X such that δe ∗ δx = δx ∗ δe = δx for all
x ∈ X ;
(5) there exists a continuous involutive automorphism x 7→ x¯ on X such that
δx¯ ∗ δy¯ = (δy ∗ δx)− (if µ ∈Mb(X) then µ− is defined by µ−(A) = µ(A¯) for
all Borel sets A ⊂ X), and x = y¯ if and only if e ∈ supp(δx ∗ δy).
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A locally compact group is an obvious example of a hypergroup; convolution is
defined by δx ∗ δy = δxy and the involution by x¯ = x−1 (the group inverse of x).
A hypergroup (X, ∗) is commutative if the convolution ∗ is commutative. We
collect here some basic facts concerning the harmonic analysis on commutative
hypergroups - consult the monograph [3] for a very thorough treatment. Up to the
end of this section, (X, ∗) will be a commutative hypergroup.
There exists a unique (up to normalization) Haar measure ωX on X . This is a
positive Radon measure such that for all x ∈ X∫
f(y)dωX(y) =
∫
fx(y)dωX(y),
where fx(y) := f(x ∗ y) :=
∫
fd(δx ∗ δy).
If f and g are some measurable functions onX , then one defines their convolution
f ∗ g as
f ∗ g(x) =
∫
X
f(y)g(x ∗ y¯)dωX(y);
the involution f∗ is defined as f∗(x) = f(x¯). These allow to consider L1(X,ωX) as
a (commutative) Banach ∗-algebra.
Analogously to the dual of a locally compact abelian group, it makes sense to
consider the dual space X∧ of X
X∧ =
{
χ ∈ Cb(X) : χ 6≡ 0, χ(x ∗ y¯) = χ(x)χ(y) ∀ x, y ∈ X
}
,
which is a locally compact Hausdorff space with respect to the topology of uni-
form convergence on compact sets. The dual space X∧, whose elements are called
characters of X , can be identified with the symmetric spectrum of L1(X,ωX).
The symmetric spectrum is a locally compact Hausdorff space with respect to the
weak∗-topology.
Remark 4.1. As it is well known, every locally compact abelian group G has a dual
locally compact abelian group Gˆ and the dual of Gˆ is again G. One of the striking
contrasts between hypergroups and group measure algebras is that the duality may
fail in the hypergroup case: there exist commutative hypergroups X such that X∧
is not a hypergroup under pointwise multiplication (a hypergroupX is called strong
if X∧ is a hypergroup).
The fundamental tools for the harmonic analysis on hypergroups are hypergroup
Fourier transforms, defined in the following way. The Fourier transform of f ∈
L1(X,ωX) is
f̂(χ) =
∫
X
χ(x)f(x)dωX(x), χ ∈ X∧;
the inverse Fourier transform of σ ∈Mb(X∧) is defined on X by
σˇ(x) =
∫
X∧
χ(x)σ(dχ);
in particular, the inverse Fourier transform is injective. For a fixed Haar measure
ωX on X there exists a unique positive Radon measure piX on X
∧ (called the
Plancherel measure of (X, ∗)) such that f 7→ f̂ extends to an L2-isometry between
L2(X,ωX) and L
2(X∧, piX).
A positive definite function on X is a complex-valued, measurable and locally
bounded function f on X such that
n∑
i=1
n∑
j=1
cicjf(xi ∗ xj) ≥ 0
7for any choice of complex numbers ci and elements xi of X . Clearly, every character
on X is positive definite. However, unlike the group case, the product of two
characters may not be positive definite (compare with Remark 4.1); if it however
is, then the product of bounded continuous positive definite functions is positive
definite.
It is easy to see that if σ is a bounded positive Radon measure on X∧ then σˇ
is bounded and positive definite on X . Conversely, Bochner’s theorem for commu-
tative hypergroups [3, 4.1.16 Theorem] asserts for any bounded, continuous and
positive definite function f the existence of a unique bounded positive Radon mea-
sure σ on X∧ such that f = σˇ (clearly, if f(e) = 1 then σ is a probability measure).
5. Bessel-Kingman hypergroups and extensions of Bessel processes
Now we are in a position to introduce the Bessel-Kingman hypergroups, which
will serve as a replacement for the Euclidean motion groups in the construction of
the classical Bessel processes with arbitrary positive dimensions.
Let K = R+. For α > 1 we define the convolution ∗α on M b(K) by
f(x ∗α x′) = Γ (α/2)√
piΓ((α− 1)/2)
∫ pi
0
f
(√
x2 + x′2 − 2xx′ cos θ
)
sinα−2 θdθ
for x, x′ ∈ K and f ∈ Cb(K); we also put f(x ∗1 x′) = (f(x+ x′) + f(|x− x′|)) /2.
This gives rise to a continuum of very well-studied commutative hypergroups
Kα = (K, ∗α) with α ≥ 1, known as the Bessel-Kingman hypergroups. They were
discovered by J.F.C. Kingman in [8] (he did not use the term “hypergroup”), in
context of his research on spherically symmetric random walks.
The neutral element in each of the Bessel-Kingman hypergroups is 0, and the
involution is the identity. The Haar measure of Kα is dωKα(x) = x
α−1dx and
the dual of Kα is K
∧
α =
{
η
(α)
u : u ≥ 0
}
- recall (3.1). Therefore the associated
hypergroup Fourier transform is given by a Hankel transform. As it can be de-
rived immediately from the symmetry of η
(α)
u (x) in u and x, the Bessel-Kingman
hypergroups are self-dual (meaning that the dual K∧α is isomorphic to Kα), like
the underlying groups Rd. It implies, in particular, that K∧α is a (dual) hypergroup
(so the Bessel-Kingman hypergroups are strong), and that the product of bounded
continuous positive definite functions on Kα is positive definite.
Notice that the dual K∧α of Kα coincides with the Gelfand spectrum of the
Gelfand pair (SO(Rα) ⋉ Rα, SO(Rα)) when α ∈ N. This observation is in fact a
glimpse of a larger picture: in the special case when α is an integer, the hypergroups
Kα can also be inherited from a group or a Gelfand pair, since (M
b(K), ∗α) is
isometrically isomorphic to the subalgebra of rotation invariant measures on Rα.
Thus Kα interpolate these in a sense.
Therefore they are perfectly suitable for extending the construction of the Bessel
process BES(δ) described in Section 3 onto all, not only integer, dimensions δ ≥ 1.
The details of the extension express some well-known facts in the language of
the Bessel-Kingman hypergroups, and they go as follows. Let δ ≥ 1. In par-
allel to Section 3, we first consider function ψ(x) = −x2/2 on K and define
Qt : L
1(Kδ, ωKδ)→ L1(Kδ, ωKδ) for t > 0 by Qtf = exp(tψ)f .
Theorem 5.1. There exists a unique semigroup (qt)t of Markov kernels on K
∧
δ
such that for all χ ∈ K∧δ and t > 0
(5.1) (̂Qtf)(χ) =
∫
K∧
δ
f̂(χ′)qt(χ, dχ
′).
The semigroup (qt)t is exactly the semigroup of the δ-dimensional Bessel process
BES(δ).
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Proof. From the definition of the Fourier transform it follows that
(5.2) (̂Qtf)(χ) =
∫
K
f(x) exp [tψ(x)]χ(x)dωKδ (x).
Since exp(tψ) is the inverse Fourier transform σˇt of a Gaussian measure on Kδ,
which is given by the Rayleigh distribution (see [3, Example 7.3.18]), K ∋ x 7→
exp[tψ(x)] is positive definite for any t > 0 on the Bessel-Kingman hypergroup Kδ.
Consequently, x 7→ exp[tψ(x)]χ(x) is positive definite (recall the self-duality of the
Bessel-Kingman hypergroups), and Bochner’s theorem implies that it is the inverse
Fourier transform of a unique measure qt(χ, ·) on K∧δ , which means that
(5.3) exp [tψ(x)]χ(x) =
∫
K∧
δ
χ′(x)qt(χ, dχ
′).
We complete the proof of the unique existence by inserting (5.3) into (5.2), changing
the order of integration and observing that the characters of the Bessel-Kingman
hypergroups are real-valued.
Clearly, the semigroup (qt)t can be recovered from (5.3). As K
∧
δ
∼= [0,∞), one
immediately notices that (5.3) differs from (3.2) only by use of δ ≥ 1 instead of the
integer d. Since there is no need to assume in (3.3) that 2ν + 2 ∈ N, we readily
identify (qt)t as the semigroup of the classical Bessel process of dimension δ ≥ 1.

Remark 5.2. Clearly, (5.3) holding for all χ ∈ K∧δ , x ∈ K and t > 0 is sufficient
for the existence of the unique semigroup (qt)t from (5.1). Additionally, as the
Fourier transform for the Bessel-Kingman hypergroup is a Hankel transform, one
can interpret (5.3) in terms of an inverse Hankel transform; similarly, (3.3) has an
interpretation in terms of an (inverse) Hankel transform.
6. Laguerre hypergroups and quantum Bessel process
Nowwe shall describe Laguerre hypergroups (see e.g. [12] and references therein),
which arise from the orbit hypergroup structure carried by the space of all U(d)-
orbits in the Heisenberg group H = Cd × R.
Let K = R+ × R. For α > 0 we define the convolution ∗ on M b(K) by
(6.1) f((x, s) ∗α (x′, s′))
=
α
pi
∫ 2pi
0
∫ 1
0
f
(√
x2 + y2 + 2xyr cos θ, s+ t+ xyr sin θ
)
r(1 − r2)α−1drdθ;
for α = 0 we put
f((x, s) ∗α (x′, s′)) = 1
2pi
∫ 2pi
0
f
(√
x2 + y2 + 2xy cos θ, s+ t+ xy sin θ
)
dθ;
in both cases (x, s), (x′, s′) ∈ K and f ∈ Cb(K).
It is a well known fact that Kα = (K, ∗α) is a commutative hypergroup for α ≥ 0
– the Laguerre hypergroup (of order α). The involution is given by (x, s) 7→ (x,−s),
and the neutral element is (0, 0).
One can look upon the Laguerre hypergroups as a natural extension of the
Gelfand pairs (U(d)⋉H,U(d)) discussed in Section 2, onto the case of non-integer
d ≥ 1. This viewpoint is justified in particular by the comparison of the structure of
the dual K∧α of Kα, with the structure of the Gelfand spectrum of (U(d)⋉H,U(d))
(see Section 2). Namely, there are two kinds of characters in the dual of Kα. The
characters of the first kind are given by the functions ϕ
(α)
τ,m = ϕ
(α)
τ,m(x,w) (recall
(2.2)) with (x,w) ∈ K, τ 6= 0 and m ∈ Z+. The characters of the second kind are
ϕ
(α)
0,µ = ϕ
(α)
0,µ(x,w) (recall (2.3)), with µ ≥ 0. Thus, modulo the fact that α is not
9integer, the characters from K∧α coincide with the bounded spherical functions of
the Gelfand pair built on the Heisenberg motion group.
We shall use Rentzsch’s (see [12, (6.1),(6.2)]) specification of the dual K∧α of Kα.
Abusing the notation a bit, we will consider K∧α as the set given in (2.5), with the
following identification of the characters with the points from K∧α :
(6.2) χ(τ,k|τ |) = ϕ
(α)
τ,k for τ 6= 0, and χ(0,µ2) = ϕ(α)0,2µ for µ ≥ 0
(the same as in Section 2). As it was proved in [12, Lemma 6.1], (6.2) defines an
isomorphism between the dual K∧α and the subset of R
2 described by (2.5).
7. Extension of quantum Bessel process
We are now in a position to demonstrate how the Laguerre hypergroups can
be used to construct the quantum Bessel processes QBES(δ) with any δ ≥ 1. To
this end, we fix δ ≥ 1 and let Kδ−1 = (K, ∗δ−1) be the Laguerre hypergroup of
order δ − 1. As in Section 2, we define ψ : K → R by ψ(x,w) = −iw − x2/2 for
(x,w) ∈ K, and Qt : L1(Kδ−1, ωKδ−1) → L1(Kδ−1, ωKδ−1) by Qtf = exp(tψ)f for
t ≥ 0.
Theorem 7.1. There exists a unique semigroup (qt)t of Markov kernels on the
dual K∧δ−1 of the Laguerre hypergroup, which is generated, as in (5.1), by the image
of the semigroup (Qt)t under the Fourier transform.
Under (6.2), the semigroup (qt)t is exactly the semigroup of the quantum Bessel
process QBES(δ).
Proof. We need to prove existence of such (qt)t that for all f ∈ L1(Kδ−1, ωKδ−1)
and x ∈ K∧δ−1 (recall (6.2))
(7.1) (̂Qtf)(χx) =
∫
K∧
δ−1
f̂(χy)qt(x, dy)
– uniqueness of (qt)t follows immediately from the injectivity of the inverse hyper-
group Fourier transform. Therefore, modifying appropriately the proof of Theorem
5.1, one immediately gets that Theorem 7.1 will be proved once it is shown that
(qt)t satisfying
(7.2) exp [tψ(x,w)] χx(x,−w) =
∫
K∧
δ−1
χy(x,−w)qt(x, dy)
is the semigroup of the quantum Bessel process QBES(δ), given by (2.6)-(2.10) with
d replaced by δ.
The rest of the proof consists of a careful analysis of (7.2) in all the cases leading
to (2.6)-(2.10) (with δ instead of d), and is based on the same general approach
laid out in [10]. But, for completeness, we outline it here (see also Remark 8.2).
First we aim to prove (2.6). If x = (s, k|s|) with s < 0 and u = s + t < 0
then the LHS of (7.2) equals [k!/(δ)k] exp(−iuw+ ux2/2) exp(−tx2)L(δ−1)k
(−sx2).
Therefore (2.6) follows from the identity
∞∑
i=0
(i+ j)!
i!j!
L
(α)
i+j (v) τ
i = (1− τ)−α−1−j exp
(
− vτ
1− τ
)
L
(α)
j
(
v
1− τ
)
(one can find it, for example, in [7, (4.6.34), p.104]), via the substitutions α = δ−1,
v = −ux2, τ = −t/s, and some straightforward manipulations.
Now we will prove (2.7). From the identity
k!L
(α)
k (u) = u
−α/2
∫ ∞
0
eu−vvk+α/2Jα(2
√
uv)dv
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(see [7, (4.6.42), p.105]), it follows that the LHS of (7.2), which is in this case equal
to (k!/(δ)k) exp(sx
2)L
(δ−1)
k
(−sx2) , can be written, using α = δ− 1 and u = −sx2
and a linear change of variable, as∫ ∞
0
Γ(δ)Jδ−1(2
√
rx)
(√
rx
)1−δ · 1
Γ(δ + k)
er/s
(
−r
s
)k+δ−1 (
−1
s
)
dr.
Due to our specification of the dual of the Laguerre hypergroup, this proves (2.7).
Now let us turn to proving (2.8). To this end, observe that the formula [7,
(4.6.31), p.103]
∞∑
l=0
(c)l
(α + 1)l
L
(α)
l (v) τ
l = (1− τ)−c1F1
[
c
α+ 1
;− vτ
1− τ
]
,
together with the identity 1F1(a; b; z) = exp(z)1F1(b − a; b;−z) [7, (1.4.11), p.13],
and the definition of the Laguerre polynomials, when specified for c = α + 1 + k,
yield
(7.3)
k!
(α+ 1)k
exp
(
− vτ
1− τ
)
L
(α)
k
(
vτ
1− τ
)
= (1− τ)α+1+k
∞∑
l=0
(α+ 1 + k)l
(α+ 1)l
L
(α)
l (v) τ
l.
Since the LHS of (7.2) for x = (s, |k|s), s < 0, and u = s+ t > 0, is
k!Γ(δ)
Γ(k + δ)
exp
(
−iuw− ux
2
2
)
exp(sx2)L
(δ−1)
k
(−sx2) ,
(2.8) follows by plugging α = δ − 1, τ = −s/t and v = ux2 into (7.3).
If the assumptions of (2.9) hold then the specification of the dual we use implies
that the LHS of (7.2) is exp
[
t
(−iw − x2/2)]Γ(δ)Jδ−1(2x√y1)(x√y1)1−δ. Since the
RHS of the identity
(7.4)
∞∑
l=0
L
(α)
l (v)
(α + 1)l
τ l = exp(τ) 0F1
[ −
α+ 1
;−vτ
]
(see e.g. [7, (4.6.30), p.103]) is easily seen to be equal to exp(τ)jα(2
√
vτ ), putting
α = δ − 1, v = tx2 and τ = y1/t into (7.4), one immediately arrives at (2.9).
We proceed to justify (2.10). Since in this case the LHS of (7.2) is equal to
k!
(δ)k
exp
(
−iuw − ux
2
2
)
L
(δ−1)
k
(
sx2
)
,
it suffices to apply the identity
L
(α)
k (cv) = (α+ 1)k
k∑
l=0
cl(1 − c)k−l
(k − l)!(α+ 1)lL
(α)
l (v)
(which can be found in [7, (4.6.23), p.103]) with α = δ − 1, v = ux2 and c = s/u,
to obtain (2.10) readily.
We have therefore identified (qt)t from (7.2) as the semigroup of QBES(δ). The
proof is complete. 
8. Concluding remarks
Remark 8.1. Although it seems possible to carry the extensions from sections 5 and
7 without a direct appeal to hypergroup theory, well-developed harmonic analysis
on commutative hypergroups provides all tools needed to accomplish our tasks, so
we decided to stick to this convenient setup.
Let us note, however, that another approach for the extension of the quantum
Bessel process might be based on a commutative algebra constructed by Stempak
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[14] by his careful analysis of a generalization of the sublaplacian on the Heisenberg
group. In fact, results from [14] immediately lead to the Laguerre hypergroup
structure.
Remark 8.2. It is worth mentioning that, although Biane suggests (see [1, p.95]) a
possibility of deriving formulas (2.6)-(2.10) from some properties of the Laguerre
polynomials and Bessel functions (presumably the ones we used in the proof of
Theorem 7.1), his proof of (2.6)-(2.10) (with d ∈ N) is completely different (“closer
to the spirit of quantum probability”, as Biane put it in [1]) from our proof of
Theorem 7.1, and does not seem to carry over directly to the case d ∈ [1,∞).
Remark 8.3. In Section 5 we constructed the classical Bessel processes BES(δ) of
all dimensions δ ≥ 1. One can wonder whether it is possible to provide a similar
construction of the Bessel processes BES(δ) with δ < 1. However, it needs to be
noted that the Bessel-Kingman hypergroups Kδ, as described in Section 5, make
sense for δ ≥ 1 only. The reason for that is hidden (see the proof of Theorem 1 in
[8]) in the range of the parameter ν in Gegenbauer’s product formula
Jν(x)Jν(y)
(xy)ν
=
1
2νΓ(ν + 1/2)
√
pi
∫ pi
0
Jν(
√
x2 + y2 − 2xy cos θ)
(x2 + y2 − 2xy cos θ)ν/2 sin
2ν(θ)dθ,
valid for x, y > 0 and ν > −1/2, which is equivalent (with ν = δ/2 − 1) to the
associativity of the Bessel-Kingman convolution ∗δ for δ > 1; when ν = −1/2,
Gegenbauer’s formula degenerates to the well-known trigonometric formula for the
product of cosines.
Remark 8.4. A situation similar, though not identical, to the one described in Re-
mark 8.3 occurs in the case of quantum Bessel processes and Laguerre hypergroups.
The construction from Section 7 is valid for all δ ≥ 1, while it is not difficult to
check that formulas (2.6)-(2.10) correctly define QBES(δ) processes for all δ > 0.
The question whether one can construct these processes in a similar manner to
what was demonstrated in Section 7 is open.
Let us notice however that the Laguerre hypergroups Kδ−1 do not seem to be
the right tool for the construction of QBES(δ) processes with δ < 1 as they make
sense for δ ≥ 1 only (the weight from the right hand side of (6.1) is integrable only
if α > 0). The range of the parameter ν in Watson’s formula
L
(ν)
k
(
x2
)
L
(ν)
k
(
y2
)
=
2ν−1/2Γ(ν + k + 1)
Γ(k + 1)
√
pi
×
∫ pi
0
exy cos θ
Jν−1/2(xy sin θ)
(xy sin θ)ν−1/2
L
(ν)
k
(
x2 + y2 − 2xy cos θ) sin2ν θdθ
(valid for Re ν > −1/2, x, y ∈ R and k ∈ N), on which the definition of the Laguerre
hypergroup is based (see [9] or [14]), is slightly wider: setting ν = δ − 1, as is
needed to define the Laguerre hypergroup Kδ−1, one gets δ > 1/2. It seems worth
recalling that Watson’s formula holds for ν ∈ (−1/2, 0), or equivalently δ ∈ (1/2, 1),
by analytic continuation.
Remark 8.5. Some multidimensional versions of Biane’s quantum Bessel processes
were obtained in [10] and [11]. Thanks to the work of Voit [17], who introduced
certain multidimensional hypergroups related to the Heisenberg groups, it seems
possible to generalize some of the multidimensional quantum Bessel processes in
the spirit of this paper. Analogously, one may wonder whether the results of Ro¨sler
[13] can be applied to obtain some multidimensional versions of the Bessel processes
(see also [16]) – this is an area of our future work.
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